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0. Introduction and Summary: The basic response
error model developed by the U.S. Bureau of the
Census [5] has been generalized to the multi-
variate case by Koch [4]. The possibilities of
application of the model to complex sample de-
signs and to complex estimators are, however,
limited by the requirement that all components
of the vector random variable are measured for
the same sample. This is not necessarily the
case for many applications, such as difference,
ratio or regression estimation, or panel-type
sample designs, where component estimators may
be based on different samples (e.g. sub-samples,
partially matched samples, etc.). In the fol-
lowing, the basic multivariate response error
model is extended to cover the case where each
component of the vector variable is measured in
a possibly different sample, all selected from
the same finite population. The extended model
is then applied to difference and ratio estima-
tion in different response error structure situ-
ations and to the case of sampling on two occa-
sions.

1. The Model: The formulation of the model
follows that of Koch [4]. For each unit in the
population, i=1,...,N , let there be defined a
p-component vector random variable, Xit,by:

=y (D) (2 P
Tie=Tye »Yye seeeo¥ye
sequence of repeated trials.

) , where t 1indexes the

Any given sample is defined by the indicator
random variable:

1 : 1if unit 1 is in the sample
for the j-th component
otherwise.

o .
0 :

So as to simplify the presentation, simple ran-
dom sampling without replacement will be assumed

for each of the component samples. Thus, if nj

is the sample size for component j , then:

E{Uij)}-nj/N and: E{U(j) (j)}-nj(nj-l)/[N(N DI,

(1#1") . The relationship between the
samples is defined by: . qmi!

. [
jj' : g4
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where it is assumed that the expectation depends
only on whether i=i' and not on the specific
values of i and 1i' . If we define:

n,,,*n.n N v where n_,.=n, and it is
jjl j jl/( jjl) t] (

assumed for the time being that vjj.io) , then
it is easy to see that:
n,n,,(n,, ,~1)

W, = - .
i3 njj.N(N 1)

The statistic considered will be the sample mean:

x'- (Y O 9Y£2)

(5)zu§3) (j)/n , as an estimate of the popula-
i . N
tion mean: X -(llN)iilxi , where: xigEt{xit}
is the expected response for the i-th element
over all trials, It will be assumed that there
is no response bias, so that:
(j), (G2 (332
E (v, )=k (Y0 lu 1} .

covariance matrix of yt can be decomposed, as
usual, as follows:

\=E, { Q{'z) Qt"i) ' }'}\%"ﬂ"'zﬁ .

,...’;ép))’ where:

The variance-

(1)

Letting xﬁ(y(l) (2),...,;(9)) and ;(j)-
z U(j) (j)/n be the sample mean of the expec-
1=1 1 J

ted values for the j-th component, this decom-
position reflects the three sources of variation
as follows:

Response Varilance:

BX'Eé Qt'-i) Qt-i) '}

Sampling Variance: SY=E, {(G-DGD"

Interaction: L¥+ , where:
kX’E t‘X"X‘X) b
In the following, V'3 | the (3,1"

element of , will be expressed by further
decomposing each of its components:

v(j’j').Rv(j’j')+sv(j’j')+2 ﬁ(j’j') . (@)
Define the simple response variance as:

33" [GD TG DINPRC A0 S D INYII ¢, ) S G ) I
srvg33 g (o Py o] e o

and; ' (]

and, similarly the correlated response variance
as:

3" () oIy (3 Gy ()G
cnvii? 'Etf<Y11 ’Yij SN e H 2Ui' by
and? , )

(11, Werk
CRV T 131' v, ),



(where the conditional expectations are well de-
fined, since we assumed

jj.-P{U(j) (j ) =1} #0 and it can easily be
seen that Vg -P{U(j)-v(j )-1} $#0 , except in

the trivial case nj-nj. 1)

The response variance component can be shown to
be:

~1ycrv 3y
(5)
If we define the simple sampling variance as:
sy Ly o@D 3@) D337, ()

(1", (31"
RV (llnjj,)[SRV +(njj

the sampling variance component can be written a=

' N, .y '
sv(dd )-(llnjj.)(l- sy )
The interaction component, Iv(jj') , which

reflects the inter-relationship of sampling and
response errors, is non-zero if:

33 @ DU 1
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If we define simple interaction between response
and sampling deviations for the same units as:

(31", (11" _y (1,4 "
SIV (1/N)21(Yii Y1 )Yi

and: SV Dary2(stv @3 ysv3')y (g

and define the simple correlated interaction
between response and sampling deviations for
different units as:

@i

(j) 4"
11" Yy

431
SCIV NON-1) 1:1'

and: Sev3d a1z (scvd’ )+sc1v(3'j)) (9)

Then: 'I_V'(jj')-(llnjj' —_
+a, . ,~-15ev3Iy . o)
33’ )

Substituting (5), (7) and (10) in (2) we obtain:

VAL IpH —-l;isnv(jj')+(njj,-1)cxv(33')

™43
4(1—njj,/n)ssv(jj')+2[§iv(3j')

+(njj.-1)SCIV(jj')]} (11)

where the last two terms drop out if

y31. ¥ for a1l (1,1"). It should be
no%ed that this expression has the same form as
that given by Koch [4] for the case where all
components are measured on the same sample, with
only the sample size n replaced by njj' .
Thus, methods proposed by Chai [2] and
Bailar and Dalenius [l] to estimate the popula-
tion parameters on the basis of a single sample
can be applied.
For the special case,

ijv'o #3") , 1.e.
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non-overlapping samples for the j-th and j'-th
component, the resulting modification of the de-
composition, (for j¥3j'), is:

v33usery 3 Darmy (197 Loy 9750w 1011,

(12)
which is the limit of (11) as 1/n goes to

i3’ (431"
zero., 1t should be noted that v is
independent of sample size, in this case.

2. Application to Complex Estimators: The above
model can easily be applied to a variety of samp-
ling designs with respect to the relationship be-
tween samples for different components. In the
following, the application of the extended model
to complex estimators is considered. For the
sake of algebraic simplicity, we shall assume no
interaction between samp11n¥j§39 res onse devia-
tions, in the sense that Y = for all

i,i'=1,...,N and for all j,j -1,...,p . The
resulis can easily pe extended to the case of non
zero interactions. The variance of a linear
combination of the sample means:

=(9)
[t

) , as an estimate of ?@-x

will be:

T e 3"
var(yt&) Zj’j,szj.V (13)

Similarly the variance of an analytical function

=(1) (),

,...,yt can be

of the sample means g(y
approximated by the appropriate Taylor expansion.

We shall consider two variables, X and Y,
with observable values at the t-th trial for

the i~th unit xit’ Yit . Define-
t(xit) Y- Et(Yit) and let x-(1/N)zi 40
Y-(l/N)):i {0 t-(1/N)zixit and Y, -(1/N)2:1 it *

be the population means of the expected values and
of the values for the t-th trial respectively.
Let'
-(1/N)EiE (xit-xi) 1" ) and similarly
\'J and V H
xx yy

SLICE

167X (go¥y0) 5

and similarly C and C H
yy .
xy -1 1 i(x X)(Y -Y) ; and similarly Sxx
and S .
yy

Consider a single simple random sample with-
out replacement of size n , selected from the
population of N elements and defined by the
indicator random variables Uy (i=1,2,...,N) .
E?t xt-'(l/n)ZiUiX1t i yt-(lln)ziuiYit ;
x-(l/n)ZiUixi ; and y-(l/n)ZiUiY1 be the sample
means for the t-th trial and for the expected
values, respectively.



In the following Y will be the variable
for which an estimate of the population mean of
expected values, Y , is required, Measurements
of Y are available only for the sample elements
at a given trial, t , so that only Ye is

known. X will be an auxiliary variable for

which measurements are available for the whole

population, in one of the following alternative

ways:

(a) X 18 measured at the t-th trial for the
population and for the sample. In this

case x, and xt are known but not x or

X . This would be the most usual case in
practice, giving rise to_the difference

estimate: yDtl'y +k(x -X ) ; or to the

ratio estimate: yntl-(yt/xt)xt .

(b) X is measured at_the t-th trial for the
sample, so that x, is known, and the

population mean of the expected values, X,
is known (or alternatively xt has no

response error), but x , the sample mean of
expected values, is not known. This case
would be rather unusual in practice but may
arise if errorless measurements are availa-
ble for the whole population (or only for
its mean) but there is a practical diffi-
culty in matching the sample back, to ob-
tain the values of Xi for the sample

elements. _The difference estimate for this
case 1is: Ype 2 +k(x -X); and the ratio

estimate is: YRe2™ (y /x X .

(¢) The expected values of X are known for the
vwhole population and for the sample (or X
is assumed to be measured without response
error), so that x and X are known. In
this case the difference estimate is
Y. .=y.+k(x~X) ; and the ratio estimate is:

Dt3 “t

tha-(yt/x)x .

The variances of all these estimates can
be obtained from (11) ane (13), by considering
the vector variables: Xit-(yit’xit’xit)’ Xit-

’

(Yit’xit'xi) or xit’(Yit’xi’xi) , for (8), (b)
or (c), respectively, with sample sizes:
n,=n,=n and n3-N and values of njj.:
9177120 and ny3TRy gy

The variance of the difference estimates is
obtained by applying (13) with 2=(1,k,-k).
The common component of the variances of the

three estimates which is independent of k is
the variance of the sample mean:

'y, )=V__+(n~1)C_ +(1-n/N)S__ . 14
n var(y,) vy (n-1) vy (1-n/N) vy (14)
If we define the intra-trial correlation as:

RUBIE VAL
= 10

=C C =C [V then
xxxx/vn’xyxy/vxy’yyyy/yy’

(it ssev'33'040) ; so that:

minimal variances of the difference estimates are:

Vl-min [n var(;btiﬂ-n vat(;;)
[V (1-6 )+sxy]

Vz-mink[n var(;btz)]-n var(;;)z
(v. {(1+(m-1)8_ }+Q1-£)S_ ]
Xy Xy Xy (16)

Vxx{]:-!-(n-l)csxx}-f(l-f)sxx

Vy=nin, [n var(;bt3)]-n var(yt) (l-f)Sxy/Sxx , A7)

where f=n/N .
The last terms of the right hand sides of (15)-
(17) represent the possible gains over the sample

mean from the use of the three difference esti-
mates., If we assume V_ , S, § >0 , then for
Xy Xy Xy

n sufficiently large we will have: V2<V1 and
V2<V3 , 80 that the greatest gain could be made
by using Ype2 * (1.e. using the trial sample
mean , X, , and the population expected mean X ),

even if errorless (i.e, exﬁected) values are
available both for the sample and for the
population.

If, however, the response éorrelations, ny
and C , are small, relative to the response
variances (V and C_) , and n is not too

XX XX
large then Ype3 May well have the smallest

variance of the three estimates.
The variance of the ratio estimates, th,will

be approximated by applying (13) with 2=(1,-R,R).
Thus (approximately):

n var(thl)*n var(yt)
+(1-£) {R? v, (-8 _)+s ]

-2R[ny(1-6xy)+sxy]} (18)

n var(;ktz)in var(;;)
+R2{Vxx[ 1+(n-1)6xx]+(1-f)sxx}
S2R(V,(+@-18, J+(1-6)S ) 5 (19)
n var(y,, ,)*n var(}'t)+(1-f)[stxx-znsxyl . 0)

The conditions under which the ratio esti-
mates are better than the sample mean, i.e.
var(th)<var(yt) , are then:

V., (-6 )+s, _
v (16 )+s » for ypey 3

+(n- +(1~
ny“ (n 1)6§y] (1-£)s e = .
V_[1+(n-1)8__J+(1-£f)s__ °’ YRe2
XX XX XX

R<2

R<2
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s
n<2s—"xi s for Yp.q (21)

1f response correlations are small, relative to
the correlations between expected values, the
conditions (21) for YRe1 and Ype2 MY be

more stringent than the condition for ;it3 and
in particular if:

V(-8 ) S

VS, < S

i- » for yp., and if:
xx T xx xx

V. [1+(n-D8 ] S

_zzr__(__szz__< X
vxx I+(n-1)$_ 1] Sxx

XX

, for Yae1 ° (22)

The last relationship would always hold if
§_ <6 for large enough n .
Xy XX
Comparing ;ktl and ;ktZ , we have
var(th2)>var(th1) if:

V. [1+(N-1)8_ ]

-, E( (¥ -DK -X)}
vV__[1+(N-1)6
xx xx

= =2
Et{(Xt-X) }

R>2 . (23)

Thus, if the correlation between the trial

means, xt and Yt , is small, the ratio esti-

mator ;itz would be preferred to ;itl , 1.e.

the trial population, i; , should be used ra-

ther than the errorless expected population mean,
X , for blowing-up the trial sample ratio, yt/xt,

even if X 1is known.

3. Application to Sampling on Two Occasions:
Let samples of the same sizes, n , be selected
on each of two occasions such that m(<n) ele-
ments are matched and measured on both occasions
and u(=n-m) are unmatched.: Let Y be the
variable for the second (current) occasion and
X for the first and consider the unbiased esti-
mate from the t-th trial for Y :

= t1ens T =
omay g t(1-a)y  Hox, obx @4

where Yme * *mt are the sample means for the

Yut * Xur 2T® the sample means

for the unmatc.ed parts and a, b are any
constants. Set: Xit'(yit’Yit’xit’xit)

‘matched part,

with: n1-n3-n; “2'“4'";
V12™V14™V23™V24™V 340 3 V3TN 5 mygTm
If we define
2 S .
‘I‘}'-'Vy’-(:yy-l-syy H Tx vxx Cm:-sxx s and

=(V_-C_+S T.T
pm(V, ~C, +S V/(TT)
then the minimal variance of (24) is:

T2 —7
pin [var(y')1=c_ -S__ /N+ L . Q#/1=p?)
a,b,U t yy vy n <

s (25)
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where Us=u/n .

The variance of the simple sample estimate

-1, - -
for the second occasion, V" ;(mymt+uyut) , is:
~— 2
var =C =S /N+T .
() vy yy/ y/n (26)

The factor %(1+¢1-oz) in (25) represents

the reduction in the third term of the variance
of the simple estimate, (26), obtained by using
matched samples and is the same in form as ob-
tained in classical sampling theory without re-
sponse errors (e.g. in Cochran [3]). However,
if the correlated response error C is large

relative to T2 » the matching will not signifi-
cantly reduce ¥he total variance.

4, References:
[1] Bailar, A. and Dalenius, T. "Estimating the
Response Variance Components of the U.S.
Bureau of Census' Survey Model." Sankhya

B, 31 (1969), 341-60.

Chai, J.J. '"Correlated Measurement Errors
and the Least Squares Estimator of the
Regression Coefficient." Jour. Amer.
Statist. Assoc. 66 (1971), 478-83.

Cochran, W.G., Sampling Techniques, 2nd
edition, Wiley, 1963, 342-4,

Koch, G.G. "An Alternative Approach to the
Multivariate Response Error Models, with
Applications to Estimators Involving Sub-
class Means." (1972). Submitted for
publication.

(2]

(3]

[4]

[5] Hansen, M.H., Hurwitz, W.N. and Bershad, M.A.
"Measurement Errors in Censuses and Surveys.'
Bull, Inter. Statist. Inst. 38: 2, (1961),

359-74,



